An essential simplification of approach to the Schrödinger perturbation series for energy does hold when the perturbation events are arranged along a circular scale of time. The aim of the present paper is to demonstrate how such a scale of time leads to the recurrence calculation process of the Schrödinger energy terms belonging to an arbitrary perturbation order N. This process seems to have never been represented before. Only a non-degenerate quantum state and its perturbation due to the space-dependent potential are considered in the paper.
Introduction
In science an identical result obtained in two different ways does not necessarily mean an effect of a secondary importance. An example is the Schrödinger perturbation formalism. In order to get it Schrödinger elaborated a special treatment of the inhomogeneous differential equations in course of which the energies and wave functions of a stationary quantum state perturbed by a time-independent potential could be calculated with the aid of the energies and wave functions representing the unperturbed quantum states of a given system [1] . Usually the unperturbed system was less complicated than a perturbed one, and the perturbation was limited to the potentials difference entering the perturbed and original state.
An effective formalism leading to the Schrödinger results is based usually on an iterative process; see e.g. [2] . When an original Hamiltonian The time entered the Schrödinger perturbation theory-limited to the stationary quantum states-with the development of diagrams introduced by Feynman [3] [4]. But these diagrams were based on a different kind of the time scale than applied in the present paper. In order to clarify the origin of a difference between the Feynman and present perturbation formalism, a step towards the time backround entering both methods seems to be of use.
Physics of a Quantum System and the Notion of Time
Both physical and philosophical features connected with the notion of time are combined systematically with scientific experience and observations of everyday life. A separate component of our view on time is provided by human imagination. In effect the idea of the time notion is extended-with a variable degree of certainty-from the atomic world to universe.
In fact time is a parameter the knowledge of which depends both on the properties of the examined object as well as the abilities possessed by an observer. If we limit our "universe" to a single hydrogen atom and the observer's ability to distinguish between the atomic nucleus and electron together with the possibility to estimate the size of a distance between these two objects, we can obtain two kinds of observations. One of them is created by assuming that a constant distant does hold between the nucleus and electron. This situation cannot serve to establish any notion of time because no change of the distance parameter can be detected and observed. However another situation is obtained when the S. Olszewski DOI: 10.4236/jmp.2018. 98093 1493 Journal of Modern Physics distance between two particles changes systematically in a planar motion of the electron particle, which has its trajectory say along an ellipse. In this case the observer's measurements are spread along the interval length which is equal to a difference between the larger and smaller semiaxis of the ellipse. If the motion is perfectly periodic, any point observed within the interval length repeats after the same period of the motion time T.
In effect all time points accessible by observations are enclosed within the interval 0 , t T < <
which repeats incessibly because no limit is imposed on the electron motion along the ellipse.
But a huge amount of everyday observations is evidently against the limit given in (5) . In fact a finite amount of T is replaced by infinity, so
On the other hand, an analysis of the contemporary situation as an effect of an earlier situation combined with imagination implies the past events qualitatively separated from the present situation by a time interval which can be also of an infinite size. This gives the interval t −∞ < < ∞
where t = 0 can be assumed to be close to the present time.
The interval (7) encloses practically all possible events in nature but does not explain much what happens, will happen, or has happened, within (6) or (7) . A characteristics of time is often expected to be obtained from physics. In fact we look for an objective method to define this character. Perhaps the best known result is given by the second law of thermodynamics which applies the notion of entropy and states that "later" means systematically a larger entropy than the entropy at an "earlier" time. An objection which can be raised here is connected mainly with the fact of applying the thermodynamics and entropy: these notions concern macroscopic systems built up regularly from a huge number of individual components.
But difficulties with a physical approach to time concern also the quantum domain. First the time intervals of numerous quantum processes are too short to be satisfactorily controlled on both the theoretical and experimental level.
However opposite cases can be also considered. 
In other words the atom behaves at (12) as an unchanged object equal to that obtained at (13) , therefore the notion of time looses again its sense. But a question arises now how the time is going on between b t t = and e t t = . An attempt to answer this question became a major subject of the paper.
The answer is obtained with the aid of an analysis of the events which accompany the perturbation process. According to Leibniz [5] [6] it is the sequence of events which is legitimate to provide us with a knowledge of the character of the time scale associated with a given process. In this case the problem of the size of the time intervals between subsequent events becomes of a secondary importance, but the accent is put on the properties (regularities) of the changes of the system exhibited in course of the time flow.
One of the aims of the present paper is to compare two scales of time applied to the case of the perturbation process. The first-based on a linear scale extended from the minus to plus infinity [see (6) and (7)]-was involved in the Feynman's approach to quantum mechanics [3] [4], another scale-of an essentially circular character-has been developed by the author [7] - [14] .
Feynman's Approach and Present Approach to the Schrödinger Perturbation Energy
An essential difference between these two approaches is that in a majority of 
The ratio between N P and N S is
evidently it increases rapidly with N. For example for 20 N = the ratio (16) attains the number of 
Basic Characteristics of the Circular Scale of Time
The first rule concerning diagrams of the present theory is that they can be classified according to the perturbation orders 
From the number N of time points entering any diagram the points
should be taken into account in formation of contractions of the time points characteristic for that diagram. A reason for that limitation is due to the fact that the point N, which is considered as a beginning-end point of the scale, does not enter contractions.
The contractions can be simple, i.e. between two points of time, viz. and still more extended contractions with more than three time points involved in them can exist.
Evidently the time points are arranged on the scale, as well as in contraction ensembles, according to their rise in time:
There are also possible combined time-points contractions, for example 
which indicate a simultaneous presence of two different contractions. The rule, however, for formation of such combined sets of contractions is that the loops created by them on a diagram cannot cross (see e.g. [7] ). This means that, for example, such contractions combination like 
Loops of Time and Schrödinger Perturbation Terms for Energy
In 
The number of V is 7, but the number of P is 6. In general the symbol V represents the matrix element
The expression (25) begins with the matrix element (26) taken for a n = and
where n is the index of quantum state submitted to perturbation. The next V represent the matrix elements
and the last V in (25) is
The successive symbols P in (25) are respectively
and the whole expression (25) is a multiple sum performed over the quantum-state indices
The indices change from state 1 to infinity with the omission of state n in each sum.
A contraction of two points, say 
1 1 Table 1 . Journal of Modern Physics
which is the first-order perturbation energy. 
The summations entering (33)-(36) are extended respectively over
Similar notation applies for other contractions than presented above. For example a double contraction : : 1: 2 : 3 p q r =
gives for the energy term coming from the main loop the expression ( )
.
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The term 
Three other P present in (40) are those given in (28) and summations concern the states , , .
In total the summations entering the brackets in (40) 
Recurrence Procedure for Calculating the Schrödinger Perturbation Terms Belonging to Arbitrary N
It seems that the best way to represent this procedure is to apply it to an example.
A particular task let be to derive the perturbation terms belonging to N = 7 from the terms belonging to
The energy perturbation terms corresponding to N entering (44) are briefly derived and given in Appendix. A question which can arise may be how similar terms should be calculated in the case of N = 7.
The choice of N = 7 means that a new free time point on the scale which can be submitted to contractions is
This implies that 6 42 S = terms belonging to N = 6 should be modified in order to take into account the presence of a free time point 6 absent in the case of N = 6. In practice this means that all contributions coming to energy from the main loop of time for N = 6 can be made valid also for N = 7 on condition-at the end of any bracket term corresponding to the mentioned main loop of time-the product
is added; see Table 1 . The diagrams corresponding to the energy terms obtained in the way outlined below (45) are presented in Figure 2 . This reduces the number of unknown terms for N = 7, namely
to 7 6 132 42 90.
But the presence of point 6 on the time scale implies that this point has also to participate in contractions. The number of these contractions is obtained when
together with all admissible contractions of the time points on a circular scale between 1 and 6, are taken into account. The contraction (49) and its energy terms are
This contraction provides us with contribution equal to 14 Schrödinger energy terms because the number of terms in
In the next step we obtain 5 terms, viz.
because of 1 1 S = and 4 5 S = . Two perturbation terms are given by 
gives 4 5 S = terms since it is by symmetry similar to (51);
( )
gives two terms because of 3 2 S = ; ( )
is a one-term contraction ( )
gives two terms because of 3 2 S = ;
is a one-term contraction;
( ) 
In fact this is a number of the Schrödinger energy terms equal to
The diagrams corresponding to the terms obtained in (66), or (67), are represented in Figure 3 . The calculation of the energy terms corresponding to diagrams entering (67) reduces the unknown number of the energy terms for N = 7 to 
In order to present the terms (68)-see Figure 4 -we take into account that the "interaction" of the time point 6 with point 1 can be extended by the "interaction" of point 2 with 6 in the absence of the interaction with point 1.
This provides us with contraction If beyond of (69) we take into account also all possible contractions of the time points which are between 2 and 6 (see Figure 4) , we obtain In effect the lacking number of diagrams for N = 7 is reduced to independently of the presence of (79) The number of diagrams still necessary to calculate is 
has to be considered together with (92). But because the points 1, 2, and 3 are remaining free beyond of 4 and 6, the two energy diagrams which correspond respectively to (92) and (93) should combine with situations due to the presence of 1, 2, and 3. These points give 4 5 S = cases:
1, 2,3 are free (94) and four contractions of (94) which are 1: 2, 1: 3, 1: 2 : 3 and 2 : 3.
The five situations given in (94) and (95) 
The effect of (92)- (106) is reduction of the unknown terms to the number 
But the number 14 in (107) can be obtained from a single contraction which remains to be considered, namely that between 6 and 5:
For in case of (108) 
The effect of (109) and (110) is that they give precisely 5 14 S = configurations of the time points 1, 2, 3 and 4 necessary to construct the remainder of energy diagrams dictated by the result in (107). The energy terms due to (108)- (110) are: 
which is a combination of two energy terms, 
In Table 2 we collect the Schrödinger terms belonging to N = 7 which are due to the time contractions given below (78).
In effect the total value of the Schrödinger perturbation energy belonging to N = 7 is given by a sum of: (a) the terms present in Table 1 , (b) the terms given in formulae (50)- (65), (c) the terms in the formulae (69)- (76), (d) the terms collected in Table 2 .
In the next section we present the balance of the Huby-Tong number of the perturbation energy terms with the total number of energy diagrams obtainedfor a given N-from contractions of the time points on the circular scale.
Balance of the Number of Perturbation Energy Terms Obtained from the Huby-Tong Formula and within the Framework of the Present Theory
Let us take the perturbation orders N = 8, 9 and 10 for which the number of the Schrödinger perturbation terms calculated from the Huby-Tong formula [see (15) ] is respectively equal to: Beginning with N = 8 we have 7 time points "active" on the scale because the 8th point is the beginning-end point which cannot participate in contractions.
The time point 7 is new for the "active" part of the scale for N = 7 which had only 6 points of an active kind; see Section 6. The presence of point 7 gives 
1 
together with its associates, gives only 4 5 S = terms but these terms apply to 
The contraction in (133) has its associate in contraction
so two diagrams given by (133) and (133a) should be multiplied by 
arrangements of the points 1, 2, 3, 4, and 5 outside 6 : 7 giving the number of energy terms equal to 6 S in (135).
The total number of terms for N = 8 due to contractions taken into account between the formulae (127) and (135) becomes: 
Summary
The present paper considers the well-known Schrödinger perturbation series for energy of a non-degenerate quantum state; the applied perturbation potential does not depend on time.
A usual problem of the Schrödinger perturbation theory is that their formulae are derived in a tediously obtainable and complicated way. This concerns especially the case when a large order N of the perturbation energy is examined.
A difficulty concerns also the Schrödinger perturbation calculation developed with the aid of the Feynman diagrams. Here large N imply a huge number of diagrams which have to be derived and considered in calculations; in effect the number of the Feynman diagrams can exceed by several orders of times the number of kinds of the perturbation terms entering the Schrödinger theory [3] . It should be noted that the scale of time applied by Feynman is a conventional scale extended from minus to plus infinity; see Section 2.
The paper demonstrates that a difficulty connected with construction of the Schrödinger perturbation terms can be overcomed with the aid of a circular scale of time. According to Leibniz, time is a successive sequence of events, or sets of events. In such a picture the time intervals between separate events, or their sets, play a secondary role. The history of a system is built up by following the development in time of the system configurations.
In case of the Schrödinger theory the time events are assumed to represent a gradual change of a quantum state upon the action of the perturbation potential. The events are successive collisions of the quantum system with that potential. The number of collisions is grouped in sets according to the size of the perturbation orders N: the N points of time are belonging to any set. These points are assumed to be arranged successively along a topological circle. In each set of N points one of the points does represent the beginning-end point of the circular scale belonging to that N.
A result which seems to be important is that all kinds of the Schrödinger perturbation terms can be obtained-almost automatically, i.e. without calculations-from the arrangements of the time points present on the circle. To this purpose a special kind of interactions between the time points-called also contractions-should be assumed. A general rule concerning contractions is that the time loops created by them do not cross. In effect, the number of diagrams obtained due to contractions for a given N agrees precisely with the number of kinds of the Schrödinger perturbation terms for that N.
The main aim of the paper became to present a recursive process to obtain all kinds of the Schrödinger perturbation terms belonging to a given N. This means we assume that the terms characteristic for 1, 2, 3, N N N − − −  are known, and from them-and the points arrangement on the circular scale-all terms for N can be obtained. The main feature of the process is to take properly into Table 3 . Number of the perturbation terms for different N obtained from the Huby-Tong formula in equation (15) compared with the terms number derived on the basis of the present theory; see also [17] . N = 2: 
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